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Restrictions of Subspaces of C(X)

EGGERT BRIEM (Aarhus)

Introduction

In [3] Gamelin proved that if X is a compact Hausdorff space and
if B is a closed subspace of C(X), then a closed subset F of X is a peak
extension set for B (see Definition 3) if and only if the restriction to F
of every measure in B* also belongs to B*.!

Jan-Erik Bjork has asserted that if X is metrizable, if B is a closed
subspace of Cp(X) and if F is a closed subset of X contained in the
Choquet boundary of B, then any real continuous function on F, which
is the restriction of a function in B, can be extended to X as a function
in B with no increase in norm if the following condition is satisfied:

The restriction to F of any measure in B* which is “supported” on
the Choquet boundary also belongs to B*.

However, Bjork’s proof of this result is incomplete. In this note the
author proves the assertion in the complex case. The case when B is an
algebra is discussed and at the end of the note some conditions on F,
which ensure that F is intersection of the Choquet boundary and a peak
set, are studied.

In the real case Bjork’s result has been proved by Tage Bai Andersen
in [2]. We remark that if F satisfies Bjork’s condition then o F, the
closed convex hull of F in the state space of B, is a split face ([1]).

Notations

If X is a compact metric Hausdorff space we shall use the following
symbols:

C(X) (Cr(X)): The Banach space of all complex (real) continuous
. functions on X, with norm

I.£11=sup /()] where /e C(X) (or Cx(X))
M(X): The space of all bounded regular measures on X.
|m|: The total variation of m, for m in M(X).

! In the case when B is an algebra this was originally proved by Glicksberg in [6].
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T4 vinstri: Eggert Briem féhmlir Unnstemn Sﬁefinmn

Raﬁst‘efna um vanda
islenskrar tungu

A MORGUN, laugardaginn 12. april, gengst Visi
inga fyrir radstefnu um vanda islenskrar

d !éhgfl d-

vond lensku maéli og vanda

tungu 4 vorum dégum.

Rédstefnan verdur haldin f Norrena hiisinu og hefst k. 9 ad
morgni og stendur fram eftir degi.

" En hvers konar félagsskapur
er Visindafélag islendinga? Fyrir
svérum verdur Unnsteinn Stef-
4nsson professor forseti félagsins.

»Eins og fram kemur i logum
félagsins, er markmid bess ad
efla visindi og visindastarfsemi
og bad leitast vid ad ni bessu
markmidi eftir ymsum leidum.
Ménadarlega 4 hverjum vetri
stofnar Visindafélagid til fraedslu-
funda

“bar sem-fraedimadur er
fenginn t:l ad kynna rannséknir

sinar —

P4 hefur félagn'i amlsst - dtgafu

4 greinum og ritgerdum m
undanfarna 4ratugi. Einkum hef-
ur verid fengist vid ttgéfu vida-
meiri visindarita og ma par nefna
e ymsar doktorsntgerdxr t.d. dokt-
3 Braga Ar pré-
fessors um rannséknir 4 bungu
vetni til aldursgreiningar 4 heita
vatninu { Reykjavik og vidar,
doktorsrit Gudmundar Palmason-
ar jardfraedings um jardedlisfraedi
landsins og doktorsritgerd Péls
Imsland um jardfraedi Jan Mayen.
Einnig er gert rad fyrir pvi {
16gum félagsins, ad pad geti verid
patttakandi 1 radstefnum og
umraedufundum um tiltekin efni,
en si pattur hefur varla verid
négu gildur i starfseminni. Stjérn-
in hefur dhuga 4 ad beeta Gr pvi

og hefur verid raett um eina slika

radstefnu 4 4ri,“ segir Unnsteinn.
Er rédstefnan 4 morgun
lidur { peirri vidleitni?

»J4, og ad pessu sinni voldum
vid efnid vanda fslenskrar tungu
4 vorum dogum og teljum bad
med verdugri verkefnum sem
fundin verda til umfj6llunar 4
slikri radstefnu. Hofudmarkmidid

meb rébmfnunni er”’sw’ -vekja

auglysenda ad semja auglysingar
4 lytalausri islensku. P4 munu
sérfraedingar pinga um mélrann-
s6knir, hagnytingu eirra, kynn-
ingu 4 boékmenntum fyrri alda,
nyyrdasmid, nafnglfhrog fleira.
Til bess ad radstefnan megi
fara sem best fram og verda ad
sem mestu gagni, hofum vid feng-
id hina faerustu fredimenn, rit-
homndaogabratﬂadﬂytjabar
erindi. eru alls
fjort4n: Hoskuldur Préinsson pré-
fessor, Baldur Jénsson professor,
Gyda Sigvaldadéttir féstra, Gud-

~vanda, _mundur B. Kristmun -
skélakennari, Mm >

semxslensktungaivndadegai
teekniveeddu bj6dfélagi, bar sem
4hrif innlendra og erlendra fjol-

: mimn, . og skemmtiefn-
is seekja ad dr ollnm 4ttum og
fara 6rt vaxandi. -

Pad hefur verid toluverd um-
reda ad undanfornu um médur--

mélskennslu og mélstefnu, en
pvi fer fjarri ad of mikid.sé ad
2= gert. Hér verdur fjallad um vanda
i vidara hengi;
reett um bad hlutverk kennara og

_ uppalenda ad 6rva malproska og
maélsmekk bama og ma.rkmxd og
adferdir mo6d ! 4

‘ormsson frmhaldsskbhkenmn
Indridi Gislason lektor, Mxrgrét
Jénsdéttir fréttamabm Kristin
Porkelsdbthr a,uglysmgateﬂman

Gudrtn Kvaran ordabdkarritstjéri
og Pérhallur Vilmundarson pré-
fessor.

bad er ljost ad efnid er um-
fangsmikid og verdur ekki teemt
4 eins dags fundi, en vid vonum

ymsum skélastigum; fjallad um
islenska tungu sem teeki til list-
sképunar i bundnu og 6bundnu
méli, vanda bS'Oenda sem snia
erlendum

moguleika fréttamanna ad koma
daglegum fréttum i fj6lmidla 4

ad radstefnan verdi til pess ad
orva é.huga félks 4 Dpvi, jafnt
ngs sem fraedim
babbarfvmtabtakababtmm
ad radstefnan er ollum opin og
vid vonum bara, ad sem flestir

§jéi sér fert ad meeta sagdi

Unnstemnswfinsmnaﬂlohzm.
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1. Introduction

A long tradition of inquiry seeks sufficient sets of conditions on a linear subspace B of C(X), the space of continuous
real-valued functions on a compact Hausdorff space X, in order that B be (uniformly) dense in, or even equal to, C(X). The
most prominent results along these lines are the Stone-Weierstrass theorems, in which the key hypothesis (beyond point
separation and containing the constant functions) is either that B be a lattice or that B be an algebra, in both cases under
pointwise operations, and the conclusion is density. The lattice and algebra conditions can be reformulated to assert that B
is closed under composition with an appropriate continuous function ¢ : R — R, ¢(t) = |t| in the first case and ¢(t) = t2
in the second. In 1963 K. de Leeuw and Y. Katznelson [9] showed that the density conclusion can be achieved if ¢ is any
non-affine continuous function on an interval.

About the same time, ]. Wermer [12] showed that if B = 9R(A) consists of the real parts of the functions in a (complex)
uniform algebra A and B is itself an algebra, then B = C(X) and A = Cc(X) (the space of continuous complex-valued func-
tions on X). Since B =N (A) is a Banach space in a natural quotient norm, the following broad problem (precise definitions
below) presents itself: What extra condition(s) on a Banach function space B and/or a continuous function ¢ that operates
on it force the conclusion B = C(X)? Our main theorem gives a separation condition on B that guarantees that B = C(X) if
there is any non-affine continuous function that operates on B. In Section 2 we present the sorts of separation conditions
on a Banach function space that will interest us, and in Section 3 we prove the main theorem (Theorem 1). Section 4 is
devoted to finer structures than those we used in our proofs; these can be used in an alternative development of our main
result.
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E-mail addresses: briem@hi.is (E. Briem), hatori@math.sc.niigata-u.ac.jp (0. Hatori), sidney@math.uconn.edu (S]. Sidney).
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